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We demonstrate that non–linear entanglement witnesses can be made particularly useful for en-
tanglement detection in hyper–entangled or multilevel states. We test this idea experimentally on
the platform of linear optics using a hyper–entangled state of two photons. Instead of several si-
multaneous copies of two-photon entangled states, one can directly measure the witness on single
copy of a hyper–entangled state. Our results indicate that hyper–entanglement can be used for
quick entanglement detection and it provides a practical testbed for experiments with non–linear
entanglement witnesses.
I. INTRODUCTION
Quantum entanglement is one of the most peculiar phe-
nomenon in quantum physics [1, 2]. It is also the corner-
stone of a number of quantum technologies [3–5]. More
specifically, it plays a crucial role in quantum communi-
cations and quantum computing [6, 7]. Therefore it is no
surprise that quantum entanglement has been subject of
an intense investigation [2, 8].
There are two commonly used methods for entangle-
ment characterization. The first method is based on
quantum state tomography and density matrix recon-
struction [9–12]. The advantage of this strategy is that
one does not have to possess any a priory information
about the input state. On the other hand, executing a
full state tomography is a time demanding process es-
pecially for multilevel quantum states. The number of
required measurements grows exponentially with the di-
mension of investigated state which makes both the nec-
essary measurement and the related data processing very
time consuming [13].
The second method is based on the so-called entan-
glement witnesses (EW). Measuring simple linear EW
requires performing a set of suitable local measurements
which are direct products of projections applied on each
subsystem separately. These projections are chosen
based on some a priory information about the investi-
gated state. Correlations of these local measurements
across involved parties then reveal the entanglement [14].
The second class of EWs encompasses the nonlinear
(collective) entanglement witnesses [15–17] which remove
the need for a priory information about a given state,
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FIG. 1. (color online) Conceptual scheme for measuring the
collectibility of two-qubit states by hyper–entangling. The
initial state ρˆ(p) = ρˆ(s) is encoded both into polarization (p)
and spatial (s) modes of photons A and B. Photon A is then
subjected to projections ΠˆAp, ΠˆAs that are defined for polar-
ization and spatial mode, respectively. Photon B is projected
onto a singlet state |ψ−〉Bp,Bs = 1√2 (|01〉 − |10〉)Bp,Bs, where
the two degrees of freedom are addressed holistically at the
same time.
but require simultaneous measurements on at least two
copies of the state. This idea has been experimentally
demonstrated in a seminal paper by Bovio et al. [18].
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2In fact, a number of nonlinear EWs [19–33] have been
devised for various classes of quantum states. Moreover,
universal experimental optical approaches to measuring
or detecting the entanglement of an arbitrary two-qubit
state have been reported [34–36]. These universal ap-
proaches require using up to four copies of the state.
In this paper we promote the benefits of entangle-
ment detection by means of a nonlinear EW on hyper–
entangled states (HESs). A HES is a quantum state en-
tangled in more then one degree of freedom (DOF) and
can be written in the form
ρˆHES = ρˆ
(p) ⊗ ρˆ(s),
where subscripts p and s stand for two independent
DOFs. These states are an invaluable resource for quan-
tum information protocols. They can be used for increas-
ing channel capacity [37], efficient quantum key distribu-
tion [38], two-qubit teleportation [38] or serve as a pow-
erful safeguard against eavesdropping [39]. Therefore,
their quick detection and diagnosis is of paramount im-
portance for practical implementation of the mentioned
protocols. By hyper-entangling a standard two-photon
polarization state instead of preparing multiple copies of
a polarization-entangled pair of photons, we measure a
nonlinear EW on a single pair of hyper–entangled pho-
tons. For the purposes of demonstrating this concept,
we have selected one of the less complex nonlinear EWs
known as the collectibility [27, 29].
The original technique proposed by the authors of
Ref. [27, 29] allows to detect two-qubit entanglement in a
large number of entangled states without the need for any
a priory information about the investigated state. The
collectibility measurement of two-qubit systems entan-
gled in one DOF requires to perform the collective mea-
surements on two identical copies of the investigated state
[40]. On the other hand collectibility can be measured di-
rectly on a single multilevel state where a two-qubit state
is copied across two DOFs forming a HES. The collective
measurements of HES consists of local and non–local pro-
jections. Local and non–local in our concept stand for
projections implemented separately respectively across
the two DOFs (see the conceptual scheme in Fig. 1). We
test this method on three characteristic two-qubit quan-
tum states encoded twice in two separate DOFs of a pair
of photons. These states are a Bell state, a pure separable
state and a maximally mixed state.
We demonstrate that the HES method developed in
this paper is experimentally feasible on the platform of
linear optics. Also because the method requires using
only a single pair of photons to encode two copies of the
investigated state, it can be applied for fast and easy
to implement diagnostics of a given HES. With linear
optics, simultaneous measurement of multiple copies of
a pair of photons is quite time-consuming as the gen-
eration rate decreases exponentially with the number of
copies. Moreover, the experimental friendliness of our
method makes it a suitable testbed for further develop-
ment of other more powerful nonlinear EWs or it can be
easily adapted to measure a class of two-copy based EWs
studied recently in Ref. [15].
II. THEORETICAL FRAMEWORK
A hyper–entangled state (HES) is, e.g., a system com-
posed of two quantum particles (subsystems A and B)
each encoding two qubits, one qubit per a degree of free-
dom (DOF). A pair of photons with polarization (p) and
spatial (s) DOFs is an example of such system. For the
purpose our analysis we consider only identical states
of encoded into both DOFs, i.e., ρˆ(p) = ρˆ(s), where
ρˆ(x) = ρˆAx,Bx for x = p, s.
The collectibility of such system is defined in terms of
four different local projections implemented simultane-
ously with one nonlocal projection [40]. One subsystem
(A) of the HES is measured with separable projections,
the other (B) with an entangled projection. The amount
of entanglement, in terms of collective nonlinear entan-
glement witness W (ρˆ), is then derived from correlations
between coincidence rates observed for these projections.
The correlations between coincidence rates of individual
projections were labeled pij can be expressed in terms of
joint projection probabilities
pij = tr
[
Πˆ
(i)
Ap ⊗ Πˆ(j)As ⊗
(|ψ−〉〈ψ−|)
Bp,Bs
ρˆHES
]
. (1)
Indices Xp and Xs mark the relevant DOFs for sub-
system X = A,B, whereas indices i, j = 0, 1,+ rep-
resent projections on qubit states |0〉, |1〉, and |+〉 =
(|0〉+ |1〉)/√2 expressed in the computational basis. The
projection (|ψ−〉〈ψ−|)Bp,Bs stands for projecting the sub-
system B onto a singlet state across the DOFs p and s,
where
|ψ−〉Bp,Bs = 1√2 (|01〉 − |10〉)Bp,Bs . (2)
Using the notation from Ref. [40] and Eqs. (1), the col-
lective nonlinear entanglement witness can be formulated
as
W (ρˆ) =
1
2
[η + P 2(1− p00) + (1− P )2(1− p11)
+ 2P (1− P )(1− p01)− 1],
(3)
where
η = 16P (1− P )√p00p11 + 4p++, (4)
and P is the probability of observing subsystem A in
state |00〉Ap,As independently of the state of subsystem
B.
III. EXPERIMENTAL IMPLEMENTATION
The experimental implementation was realized on a
platform of linear optics with a hyper-entangled pair of
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FIG. 2. (color online) Experimental setup for measuring col-
lectibility of photonic two-qubit states by hyper–entangling
the input photons. M: motorized translation, BD: beam dis-
placer, HWP: half-wave plate, PBS: polarization beam split-
ter, QWP: quarter-wave plate, POL: polarizer, F: 10 nm in-
terference filter, PC: polarization controller, FBS: fiber beam
splitter, D: single-photon detector. Spatial modes are labeled
by numbers 1–4.
photons encoding the same two-qubit state in both po-
larization and which-path DOFs. A horizontally polar-
ized photon (i.e., subsystem X = A,B) encodes the logi-
cal state |0〉Xp, a vertically-polarized photon state |1〉Xp.
Similarly, its spatial modes 1 and 3 encode logical state
|0〉As and |0〉Bs, modes 2 and 4 logical state |1〉As and
|1〉Bs (see scheme in Fig. 2). Thus, the relation between
the states encoded in the computational basis and in the
states used in the experiment can be expressed as
|mn〉Ap,As ≡ |δm,1V + δm,0H〉1+n
|kl〉Bp,Bs ≡ |δk,1V + δk,0H〉3+l, (5)
where δ stands for the Kronecker’s delta, indices m, k =
0, 1 mark the single-photon polarization states, and in-
dices n, l = 0, 1 the spatial modes 1 + k and 3 + l.
The experimental setup consists of a two–photon
source powered by pulsed Paladine (Coherent) laser at
λ = 355 nm with 300 mW of mean optical power and
repetition rate of 120 MHz.
Polarization–entangled photon pairs at λ = 710 nm are
generated in non-collinear type-I spontaneous parametric
down-conversion (SPDC) process in a BBO (β-BaB2O4)
crystal cascade (known as the Kwiat source [41]). This
type of light source if pumped by a generally polarized
pumping beam generates pairs of horizontally and verti-
cally polarized photons. Generation rates of these pho-
tons as well as their mutual phase shift can be tuned by
adjusting the polarization of pumping beam. This way
we can prepare states with various amount of entangle-
ment. Each photon from the generated pair is coupled
into a single–mode optical fiber and brought to one input
port of the experimental setup depicted in Fig. 2.
The beam displacers transform polarization entangle-
ment into spatial entanglement and the two photons can
interact on a polarizing beam splitter (PBS) where they
get entangled in polarization again. Thus, a given HES
is prepared.
The HES is consequently subjected to separable and
entangled polarization projective measurements. The
photon leading to the detector D2 is subjected to sep-
arable projections Πˆ(i)p ⊗ Πˆ(j)s for i, j = 0, 1 as described
in Sec. II. For example projection Πˆ(0)Ap⊗Πˆ(0)As corresponds
to a projection onto a state |00〉Ap,As or, by using Eq. (5),
|H〉1. The photon impinging on the detector D1 is pro-
jected on state |ψ−〉Bp,Bs or equivalently [see Eqs. (2) and
(5)] state 1√
2
(|H〉4 − |V 〉3). Both projections are imple-
mented by means of quarter-wave plates, half-wave plates
and polarizing cubes. The photons are then filtered by
10 nm interference filters, coupled into single–mode op-
tical fibers and brought to single-photon detectors. Mo-
torized translations M1 and M2 ensure temporal overlap
of the photons on PBS and FBS, respectively.
IV. MEASUREMENT AND RESULTS
We have measured the collectibility on three char-
acteristic quantum states: (i) |ψ1〉 = 1√2 (|00〉 + |11〉)
(Bell state), (ii) |ψ2〉 = |10〉 (pure separable state), (iii)
ρˆ3 =
1
4 1ˆ (maximally mixed state), which were encoded
twice in the following HESs
|Ψx〉HES = |ψx〉Ap,Bp ⊗ |ψx〉As,Bs for x = 1, 2,
ρˆ3,HES =
1
16 1ˆAp,Bp,As,Bs.
(6)
States (6) generated in the experiment can be expressed
via Eq. (5) as
|Ψ1〉HES = 12 (|HH〉1,3 + |V H〉2,3 + |HV 〉1,4 + |V V 〉2,4)
|Ψ2〉HES = |V H〉2,3,
ρˆ3,HES =
1
16 1ˆ
(p) ⊗ 1ˆ(s),
(7)
which were prepared by suitable choice of pumping
beam polarization, rotation of HWP1,2 and for hyper–
entangled Bell state ensuring the overlap on PBS.
For the Bell and mixed state, we were able to tune the
probability P to P = 0.50, and for the separable state
to P = 0.01. The values of P are adjusted using purely
single–photon detection events and as a result the uncer-
tainties of P are negligible in comparison with the uncer-
tainty of two–photon coincidence detections. Obtained
experimental and theoretically calculated values of col-
lectibility W (ρˆ) for the states from (7) are summarized
in Tab. I and visualized in Fig. 3.
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FIG. 3. (color online) Experimental results and theoretical
values of entanglement witness for three characteristic quan-
tum states. Note that measurement values are in good agree-
ment with the theoretically predicted values. As expected,
the witness gives a clearly negative values only in the case of
the Bell state.
TABLE I. Summarized measured values of W and their the-
oretical predictions Wth obtained for the states defined in
Eq. (7).
Quantum state W Wth
Bell state (|Ψ1〉HES) -0.21 ± 0.03 -0.25
Separable state (|Ψ2〉HES) -0.01 ± 0.03 0.00
Mixed state (ρˆ3,HES) 0.69 ± 0.06 0.75
Further, we have investigated the collectibility of
Werner states which up to local unitary transformations
can be expressed in form of a weighted sum of maximally
entangled and maximally mixed state
ρˆW = p|ψ1〉〈ψ1|+ qρˆ3, (8)
where 0 ≤ p ≤ 1 and q = 1 − p. It follows from Eq. (8)
that p2 (q2) is the probability of observing the maximally
entangled (mixed) state simultaneously in both DOFs.
The cross probability 2pq corresponds to observing en-
tangled state in one DOF and mixed state in the other
DOF. It can be directly shown that for a mixed state
encoded into one DOF, the projection probabilities pij
and p++ are independent of the state encoded into the
other DOF. As a consequence, to obtain the values of
collectibility for Werner states, one can simply interpo-
late the results for |Ψ1〉 and ρˆ3 with effective weights of
p2 and 1− p2, respectively [40]. Note that the collective
entanglement witness is able to detect entanglement only
for p >
√
3
2 although Werner states are already entangled
for any p > 13 [15, 18, 40, 42]. Obtained experimental and
theoretical values of collectibility W (ρˆ) as a function of
the parameter p are summarized in Tab. II and visualized
in Fig. 4.
E
nt
an
gl
em
en
t 
w
it
ne
ss
W
(ρ)
−0.4
−0.2
0.0
0.2
0.4
0.6
separability
threshold
detection
threshold0.8
Parameter p
0.0 0.2 0.4 0.6 0.8 1.0
Experiment Theoretical prediction
FIG. 4. (color online) Experimental results and theoretical
prediction of collectibility for the Werner states as a function
of parameter p. The solid green line depicts the observed
experimental results, the dashed black line is the theoretical
prediction and the light green area corresponds to the mea-
surement uncertainty.
TABLE II. Assorted results obtained for Werner states de-
fined in Eq. (8), where W is the observed value of entangle-
ment witness and Wth is its theoretical prediction.
p W Wth
0.0 0.69 ± 0.06 0.75
0.2 0.65 ± 0.06 0.71
0.4 0.55 ± 0.06 0.59
0.6 0.37 ± 0.06 0.39
0.8 0.11 ± 0.06 0.11
1.0 -0.21 ± 0.03 -0.25
V. QUICK QUALITY CHECK OF HES
Here, we demonstrate that collectibility can be used
to quickly check the quality of hyper entanglement. HES
transmission through a noisy channel can result in de-
creased purity independently in both DOFs (i.e., in gen-
eral ρˆ(p) and ρˆ(s) are different). This effect non triv-
ially affects the collectibility measurement. We obtained
ρˆ(p) and ρˆ(s) states of different purities experimentally
by intentionally detuning temporal overlap between the
photons using motorized translations M1 and M2. The
purity of the tested states does not affect the values of
pij [see Eq. (1)] that corresponds to local projections onto
states |H〉1(2), |V 〉2 [see Eq. (5)]. The only difference is
observed for p++ which is measured by local projection
1
2 (|H〉1 + |V 〉1 + |H〉2 + |V 〉2). Due to interference, this
measurement is sensitive to phase difference between spa-
tial modes 1 and 2. We define the ratio R as function of
this phase shift
R =
ccmax
ccmin
, (9)
where ccmax and ccmin stand for maximum and minimum
coincidences rates. The measurement was implemented
by combining pure and mixed states ρˆ(p) with pure and
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FIG. 5. (color online) Experimental values of the ratio R [see
Eq. (9)] obtained for the quality analysis of HESs for Werner
states. The solid green (dashed black) curve corresponds to
pure (mixed) ρˆ(p). The collectibility has been measured for
the encircled states.
TABLE III. The measured value of entanglement witness W
and its predicted theoretical valueWth for the quality analysis
of HESs for Werner states.
ρ
(p)
W ρ
(s)
W W Wth
pure pure -0.21 ± 0.03 -0.25
pure mixed 0.71 ± 0.06 0.75
mixed pure 0.70 ± 0.06 0.75
mixed mixed 0.69 ± 0.06 0.75
mixed states ρˆ(s). The observed experimental values are
summarized in Tab. III and visualized in Fig. 5. Note
that if a HES becomes disentangled in one DOF, the
ratio R goes to 1 (as seen in Fig. 5). The value of p++ is
then 14 and W (ρˆ) is positive. On the other hand, when
both ρˆ(p) and ρˆ(s) are sufficiently pure and entangled,
W (ρˆ) becomes negative. Hence, this method is a quick
and easy way to diagnose HES distribution.
VI. CONCLUSIONS
We have reported on experimental measurement of col-
lective nonlinear entanglement witness known as the col-
lectibility on a single copy of a HES. The obtained re-
sults are in good agreement with theoretical predictions.
The collectibility witness for hyper–entangled Bell state
(−0.21 ± 0.03) is negative with sufficient certainty and
also close to its theoretical value. As expected, the ob-
served results of W (ρˆ) for the separable and the mixed
state are non–negative and within one standard devia-
tion from theoretically calculated values. We have in-
terpolated the collectibility witness for several Werner
states. These experimental results conform with theo-
retically predicted connection between collectibility wit-
ness and the Werner states parameter p. Further, we
have demonstrated the impact of states purities on the
collectibility witness. The results show that if HES be-
comes disentangled in one or more degrees of freedom, the
collectibility witness becomes positive. The method for
diagnostics of HESs developed in this paper is not as ro-
bust as quantum state tomography but can be appealing
for applications that need fast verification whether the
quantum system is sufficiently hyper–entangled. The ex-
perimental accessibility of our method makes it suitable
for further development of other nonlinear EWs requir-
ing more than two copies of the measured state [34–36]
or it can be easily adapted to measure a class of two-copy
based EWs studied in Ref. [15].
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